For compact Kählerian manifolds, the holomorphic pseudosymmetry reduces to the local symmetry if additionally the scalar curvature is constant and the structure function is non-negative. Similarly, the holomorphic Ricci-pseudosymmetry reduces to the Ricci-symmetry under these additional assumptions. We construct examples of non-compact essentially holomorphically pseudosymmetric Kählerian manifolds. These examples show that the compactness assumption cannot be omitted in the above stated theorem. Recently, the first examples of compact, simply connected essentially holomorphically pseudosymmetric Kählerian manifolds are discovered in [4] . In these examples, the structure functions change their signs on the manifold.
Holomorphic pseudosymmetries
Let M be a 2 -dimensional Kählerian manifold with (J ) as its Kählerian structure. Thus, J is a (1 1)-tensor field (an almost complex structure) and a Riemannian metric on M such that J 2 = −I, (J· J··) = (· ··) and ∇J = 0, ∇ being the Levi-Civita connection of . Let X(M) be the Lie algebra of smooth vector fields on M. For U V ∈ X(M), let
V U be the usual curvature operator, and consider additional curvature type operator (U V ) defined by assuming that
for any X ∈ (M). The operators (U V ) and (U V ) will be treated as derivations of the tensor algebra on M in the usual sense. For instance, if T is an (0 )-tensor field, then (U V )T , (U V )T are the (0 )-tensor fields such that
For an (0 )-tensor field T , define (0 + 2)-tensor fields · T , · T by
Let us call an (0 )-tensor field T on M to be • semisymmetric if · T = 0;
• holomorphically pseudosymmetric if there exists a function (called the structure function) on M such that · T = · T .
A Kählerian manifold will be called • semisymmetric (resp., Ricci-semisymmetric) if its Riemann (resp., Ricci) curvature tensor is semisymmetric;
• holomorphically pseudosymmetric (resp., Ricci-pseudosymmetric) if its Riemann (resp., Ricci) curvature tensor is holomorphically pseudosymmetric.
The class of holomorphically pseudosymmetric Kählerian manifolds contains all semisymmetric Kählerian manifolds, especially, those being locally symmetric. For semisymmetric Kählerian manifolds, see among others [1, [11] [12] [13] .
The class of holomorphically Ricci-pseudosymmetric Kählerian manifolds contains all Ricci-semisymmetric, especially, Ricci-symmetric (∇S = 0), as well as holomorphically pseudosymmetric Kählerian manifolds. For Ricci-semisymmetric Kählerian manifolds, see [9] . The holomorphic pseudosymmetry conditions firstly appeared in [10] , and after then they were studied in the papers [2] [3] [4] 15] . It should be said that curvature conditions of this type have also occured under another name in certain papers about projective holomorphic transformations; for some details, see [7, 8] , etc.
Main results
Let us start with recalling certain famous examples. Namely, compact 2-dimensional surfaces, products of compact 2-dimensional surfaces, products of compact 2-dimensional surfaces and complex projective spaces are semisymmetric Kählerian manifolds with non-constant scalar curvature in general. When assuming that they have constant scalar curvatures, they become locally symmetric.
Recently, the problem of the existence of compact essentially holomorphically pseudosymmetric (that is, different from semisymmetric) Kählerian manifolds was solved in [4] . The aim of the presented paper is to prove that under certain additional assumptions, such manifolds do not exist. We also deal with holomorphic Ricci-pseudosymmetry too.
Theorem 2.1.
Let M be a compact Kählerian manifold. Suppose that M is holomorphically Ricci-pseudosymmetric with non-negative structure function , that is,
If the scalar curvature of M is constant, then M is Ricci-symmetric.
Theorem 2.2.
Let M be a compact Kählerian manifold. Suppose that M is holomorphically pseudosymmetric with non-negative structure function , that is,
If the scalar curvature of M is constant, then M is locally symmetric.
In the last section, we construct examples of holomorphically pseudosymmetric Kählerian manifolds, which are not semisymmetric. For some of them, the scalar curvature is constant and the structure function is positive. This shows that the compactness is an essential assumption in the above theorems.
Proofs of the theorems
At first, recall the very well known curvature identities fulfilled by any Kählerian manifold,
where
, is closed, and consequently,
Proof of Theorem 2.1
In our calculations, it will be useful to use the local components tensor convention and the Einstein summation agreement. At first, for the Laplacian of the square of the length of the Ricci tensor S, we have
In the sequel, we need the following formula
which can be obtained from (8) by replacing Z with JZ and next using (5) . In local coordinates, (10) reads
The covariant differentiation of the above equality gives
Transvecting the last relation with S = S and using formula S J J = S (which is a consequence of (5)), we find (∇ ∇ S )S = 2(∇ ∇ S )S and next
We are going to transform (11) by applying the holomorphic Ricci-pseudosymmetry (2) . Using (1) and (5), we find for · S,
Moreover, we have for · S,
Now, using (12) and (13) and (2), we obtain
where J = J (= −J ). Note that by (5), we have
From (14), by tranvection with and using (15) , it follows that
where is the scalar curvature. Since is constant, it holds ∇ S = (1/2)∇ = 0, and therefore (∇ ∇ S ) = 0. Thus, (16) leads to (∇ ∇ S ) = (2 S − ) which applied to the right hand side of (11) yields
The last equality turns (9) into
Recall the famous Hopf Lemma, which states that for a function on a compact Riemannian manifold, if 0, then = 0 and the function is constant (cf. e.g. [5] or [14] ). Returning to our proof, note that for any Riemannian manifold, it always holds S 2 − 2 /(2 ) 0. Therefore and by the assumption 0, the right hand side of (17) is non-negative. Consequently, S 2 0, and by the Hopf Lemma, S 2 = 0. This applied into (17) leads to
Hence, it follows that ∇S = 0, and finally ∇S = 0, which is just the Ricci-symmetry. This completes the proof.
Proof of Theorem 2.2
Let M be a holomorphically pseudosymmetric Kählerian manifold with constant scalar curvature and 0. Since the formula (3) always implies the condition (2) with the same structure function, M is holomorphically Ricci-pseudosymmetric. Consequently, by Theorem 2.1, M is Ricci-symmetric, that is , ∇S = 0.
To prove that M is in fact locally symmetric, we will use the Lichnerowicz formula, which is valid for any Riemannian manifold ([12, Lemma 4.7]; see also [6] )
On the other hand, using (1) and (4), we find for · R,
Applying (19), (20) and (3), we obtain
From the above, by transvection with , we get
which are consequences of (4), (6) and (7) . Moreover, using the first Binchi identity and (22), we can find
By applying (22), (23) and (15), we transform (21) into the following form
Recall that the holomorphic projective curvature (1 3)-tensor P is defined by
The local coordinates of the (0 4)-tensor P, P(W X Y Z ) = ( (W X )Y Z ), are the following
In this context, (24) can be rewritten as F = 2( + 1) P By virtue of the last formula, we obtain
By straightforward calculations in which (22) should be used, we get
Therefore, (25) can be rewritten as
The already proved condition ∇S = 0 and the formula (26) enables us to rewrite the Lichnerowicz formula (18) in the following form R 2 = 2 ∇R 2 + 8( + 1) P 2
As in the previous proof, we use the Hopf Lemma. By the assumption 0, the right hand side of (27) is non-negative. Consequently, R 2 0, and by the Hopf Lemma, R 2 = 0. This applied into (27) leads to 2 ∇R 2 + 8( + 1) P 2 = 0
Hence, it follows that ∇R = 0, and finally ∇R = 0, which completes the proof.
A class of examples
Below, we construct a class of examples of non-compact essentially holomorphically pseudosymmetric Kählerian manifolds. For some of them, the scalar curvature is constant and the structure function is positive. Let ( α α ) denote the Cartesian coordinates in R 2 +2 , 1. Latin indices take on values from 1 to 2 +2, Greek indices will run from 1 to , and α = α + for any α ∈ {1 }. , (A B) is an open interval and B > A > 0. Suppose that : (A B) → R is a smooth function which non-zero at any ∈ (A B) . Let ( ) be the frame of vector fields on M defined by
and let (θ ) be the dual frame of differential 1-forms,
For the non-zero Lie brackets of , we have
Define an almost complex structure J on M by assuming
For the Nijenhuis tensor N J , it can be checked that
for any . By the Newlander-Nirenberg theorem, J is a complex structure on M. Let be the Riemannian metric on M for which ( ) is an orthonormal frame, so that = θ ⊗ θ . It is obvious that the pair (J ) is a Hermitian structure on M. For the fundamental form Ω, Ω(X Y ) = (JX Y ), we have
Hence Ω = 0, i.e., Ω is closed. Thus, the pair (J ) becomes a Kählerian structure on M. We are going to show that it is holomorphically pseudosymmetric. For the Levi-Civita connection corresponding to , we have
Let R (= R ) be the components of the curvature tensor R with respect to the adapted frame, R( ) = R . The non-zero components of R are related to the following R αβγδ = R αβγ δ = R α β γ δ = 2 (δ αγ δ βδ − δ αδ δ βγ ) R αβ γδ = 2 (δ αγ δ βδ + δ βγ δ αδ + 2δ αβ δ γδ )
On the other hand, for the components of the tensor , we have
where and J are the components of and J with respect to ( ). Thus, = ( ) = δ and J = J with J αβ = −J α β = δ αβ , J (2 +1)(2 +2) = −J (2 +2)(2 +1) = 1, otherwise J = 0. The structure (J ) satisfies the holomorphic pseudosymmetry condition
For, it is sufficient to verify that the relation holds Q · R = 0, where the curvature like tensor Q = R − is treated as the derivation of the tensor algebra. At first, we find the components of Q with respect to ( ), which are as follows
Next, we check that the all components
vanish identically. We omit the long but standard computations. In general, the holomorphic pseudosymmetry is essential in the sense that the structure is not semisymmetric (R · R = 0). For instance, the component (R · R) 1(2 +1)122(2 +1) = 2 ( + )
is non-zero for a suitably chosen function . For the components of the Ricci curvature tensor S, we have > 0.
One can easily note that the structures are not semisymmetric, and in the cases (ii) and (iii), they are Einstein.
